PMM U.5.5.R.,V0l.47,No.3,pp.414-419,1984 0021-8928,/84 310.00+0.00
Printed in Great Britain © 1984 Pergamon Press Ltd.

UDC 539.37=

ON FORMULATIONS OF THE PROBLEM OF THE THEORY OF PLASTICITY"

Ia. A. KAMENIARZH

Formulation of the problem of the theory of perfect plasticity includes the defini-
tion of a set of virtual (sample) velocity fields. In the definition of the latter
for an incompressible medium we may or may not include the solenoidality require-~
ment. Both variants result in different but connected statements of the problem.
In this paper are presented and briefly considered statements on the quasi-~static
problem of perfectly plastic incompressible bodies. The equivalence of
various formulations is established. This enables the selection for computdtion of
this or that formulation of the problem, which may be important, owing to the com-
putational nonequivalence in various situations,

Sample velocity fields and statically admissible stress fields. Let an in-
compressible medium occupy the region Q in R"™ (n= 2,3) and be subjected to mass forces of
density f defined in 9, and a surface load of density q defined on part §,; of the boundary
of region Q. Let also S, =dQ\ Sq, S, = aQ \ S, where the stroke denctes the closing in R",
and the velocity is defined on §, (e.g., §, is fixed).

The stress fields are considered in Q from space S, and it is subsequently assumed stress
components are at least summable in the square on . The statically admissible for the load

{f, q} is called the stress field ¢ from S which balances it; the conditions of equilibrium
in region Q and at its boundaries may be written in the form of an equation of the principle
of virtual velocities

Sc‘edx—givdx—— S qvds=0,VveV
2

Q Sq
1 [ oy dv; C .
eij:hZ_(—az" - s Lj=12,...,n

where V is the set of virtual (sample) velocity fields and z! are Cartesian coordinates in R™
Let & be a set of self-balancing (i.e. balancing the load f=0,q =0) of the  stress
fields.
T=3(Q S)=EEV)r={ccs: {c.edz=0 Ve=E(V)}
Q

where E (V) is the aggregate of deformation rate fields that correspond to velocity fields
from V. If s is some stress field from & that balances the load {f,q} then X+ s is the
aggregate of all statically admissible stress fields.

For incompressible media two sets of sample velocity fields are used

Vi=V(Q,S5,)={u=C" () :divu=0, u|s, =0} {1)
V2=V3(Q,S,)={usC” @):uls, =0}

To the self-balancing stress fields correspond the sets Il = (E(VY)), B2 = (E(V?¥))" To
the same sets 3!, %! results the use in the capacity of V for closing Vi, V2 in H}(Q) of
sets V!, V%, respectively.

The following sets of velocity fields were considered in /2/:

V=01, §))=[lusC” (Q):divu=0, p(suppu, 39)>0}]H‘(Q)
Ur=U2(Q, §,) = [{us C° (D) :p(suppu, 5,) > Olgyg,
Wi=WL(Q, §,) = {ue H(Q):divu =0, ulg =0)

We=W2(Q, S)) = (ue H Q) tu g =0}

where p is the distance in R", suppu is the carrier of function u, [A]n-(n) is the closure of
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set 4 in H' (@) and the conditions for which the relations U= Wi, U*= w2, The results of /3/
were used and the respective consideration was carried out in the case of 49 =S, Subsequ-
ently we limit ourselves to the case in which the preceding equalities are valid. Note that
then W1, V¢ coincide, respectively, with Ul'= W! and U?= W? and, consequently, the sets of
self-balancing stress fields 3!, 2* do not change, if in the definition of V! and V? for con-
dition wujg =0 we substitute the condition for vanishing of u in certain neighborhood of the
set S, in' &.
Evidently any ¢ from X? belongs to Z!. On the other hand, under certain conditions on

Q,S, for any t from X! a pressure field will be found p & L, (8) such that 1+ pg (g is the
metric tensor) belongs to 3IX2/2/. Subsequently this property will be used for proving the
equivalence of various statements of the problem of the theory of perfect plasticity.

Quasi-static problem of the theory of perfect plasticity. Let region Qbe fil-
led by an incampressible, rigid-perfectly plastic medium. To each point r from Q corresponds
a cylinder C, of admissible (not emerging beyond the yield surface) stresses in the space of
second rank symmetric tensors. The yield surface is the boundary of that cylinder. Let o (z)
be the stress at point z; we shall denote by indices d and s the deviatoric and spherical
components of tensors. The o (z) is admissible, if ¢ (z) belongs to set (; or, what is the
same, ¢%(z) belongs to C,“, where C,? is the set that corresponds to cylinder C, in the space
of deviators of second rank symmetric tensors.

Since the body is not assumed homogenecus, hence the sets C,? for various points of the
body are generally not the same. Let for all z from Q the sets C,% be convex, closed, con-
tain the set {¢:6¢ = o¢% o%.¢®<r%}, r >0, and be contained in the set {¢:6 = ¢%, o -0 < R*}.
The mapping z— C,¢ is assumed measurable /4/.

For definiteness we shall consider the case when S, is fixed (the case of nonuniform kine-
matic conditions on §, is similarly considered, if the load {f,q} is below the limit, if it
is at the limit, the quasi-static problem may have no solution /5,6/ when the kinematic condi-
tions are nonuniform).

Let E be the set of kinematically admissible deformation rates. It lies in space F, and
on 8 x F the bilinear form (-, ) is defined, which for summable o,e from these spaces as-
sumes the value

¢o,e> = { o(2)-e(z)dx
2

Let A° be the polar line of set A4 (relative to the pair S,F) /7/. It is reasonable to
assume that the relation E (V)@ E C (E(V))™, where V is the set of sample velocity fields, is
satisfied for E. Then X = (E(V))° =F".

If s is some stress vector field from S that balances a given load {f, q}, then the
guasi-static problem of the theory of perfect plasticity for the considered body consists of
finding a pair o,e that satisfies the conditions

c=2X+s, o=C, e=E, D(e)=(o,e) (2)
where C is the set of stress fields from S which do not emerge beyond the yield surface
C={o=S:00(x) =C for almost all z & Q} (3)
where D is the dissipation in the body, uniform of first power /1,B8/ with respect to deforma-
tion rates.
The first of relations (2) indicate that the stress field ¢ balances the specified load,
the second that the field ¢ does not emerge beyond the yield surface, and the third that the

deformation rates e are kinematically admissible. The last of relations (2) shows the associa-
ted law in overall form /9/, and in it

D (¢) = sup <, ) @

Formulation in the form of a pair of extremal problems. with the load & (in
the considered here problems s replaces the load {f,q}, and for brevity is subsequently cal-
led the load) and link the static (@,) and kinematic (B,) limit coefficients /9,10/

e, =sup{p:p>0,0—puses 3, 0 C} (5)
B, = inf {D (e): e = E, ¢s,e> = 1}
In the theory of plasticity it is assumed that a, = B,, and the conditions that ensure
this equality were recently indicated /9,11,12/. The common value of «,and B, is denoted by
ng and called the load safety factor.
We call the problem (in stresses) of determining the extremum in (5) at which o, —H, is

achieved, and the (kinematic) problem of finding the extremum in (5) at which f,, —K, is reach-
ed.
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Problem (2) has no solution when n,< 1, but when n,>>1 it is solvable, and then
e =0. When n, =1 the pair of extremals (o, e) of problem H,, K, yields the solution of
problem (2); conversely, if (0,e) is the solution of problem (2), then ¢ and e are respectiv-
ely, the extremals of H, and K;/9/. Thus the proof of equality a, = B, and the attainment
of extremals in problems H,, K, are basic to the theory of the quasi-static of perfect plas-
tic body.

The formulation of problems H,, K, comprises the definition of space S,F of the set
of kinematically admissible deformation rates E and of the set of sample velocity fields V.

The §,F spaces. We represent the second rank metric tensors t in the form t = (t4, 19,
where

1 3 1
=t — —u'g, t'=—1u'g

and the respective spaces S and F in the form S% X §* and F¢ X F.

If, as stated above, the yield surfaces for all points of the body are contained in cer-
tain Mises surfaces o%-0% = R?, i.e. the components of the stress tensor deviators are bound-
ed, it is usual to assume that

S¢=Lo Q) ={0: 0;; =0y, 0, =0, 0,4 & L, (2}
jo i umy=lVo-6|r

Then assuming the duality of spaces S% and F¢, it is possible to set

F=Fy=LtR)={e:e;;=¢;, 6,  =0,¢;& L, (Q)
“ e “L,d(n) = " y e-e “L:(Q)

It can be shown that S% = (F())’. As usual X’ represent the space of linear continucus func-
tionals onspace X. The duality of $% and F¢ is also ensured, if F¥ = Fiy = (L% (Q))'. The
space (L% (Q)) is formed by elements e for which ei;=ey, ' =0, € L. (). The norm of an
element e in this space is equivalent to the norm

lel= (?1] e @)

As the S* and F° we use the space
1 1
Ls* (9) = {t t= iy tkkg, tkk e Ls (Q)} f it u[.,'(g) = HTtkk La(ﬂ)

Then the selection of K¢ = w yields the pair of spaces
S=8'x L, F=Fuy=Fj x Ly’

Then S = F,, and for every o from § and every e from F we have

(o, ) =<4 &) + (0% e =0, % (e;;1) + 0,0 (er) = 0 (2)-e(@)dz
Q

The selection of F¢ = Fg, yields a pair of spaces
S=8?x Ly*, F=Fq="F& x Lg
then- Fq = S’ and for every ¢ from S and every e from F we have
<o, &> =<a%, e?y + (" " = ¢;;% (6;%) + ;5 (0:)

The sets V, E,3. We use V! or V? as sets of sample velocity fields, and respectively
T=X=(E(V)° or ¥ = 3= (E(V%))° as noted above, it is possible to use in the capacity
of V some other sets, without changing X! and Z2.

The aim of obtaining extreme values in (5), i.e. the solvability of the guasi-static pro-
blem of the theory of perfect plasticity, compels us to widen the sets E(V). We take as set
E the kinematically admissible deformation rate appearing in the statement of problem (5) and
the suitable closing sets E (VY), E(V?). We have, namely, the following four possibilities:

E=E!=[E(V)]1) E=E'=[E(WVYy
E=E!=[E(V)ly E=E’=[E(V)]a

where brackets with subscripts (1) denote closure in Fy, and those with subscript (2) in weak
* topology of Fyy. ’ .

Note that since the polar line of sets E (VY), E(V?) coincides with the polar lines of
their closure, hence
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D=E V)’ =EY) =B, Z=(EV) =E") =(E"

Variants of the statement of quasi-static problem of the theory of perfect
plasticity. In conformity with the possibility of different selection of spaces S,F and
sets V, E we have four pairs of problems (5) enumerated by the sets i,j=1,2

s‘up{p:p}ﬂ,o—:—ps e}"",ueC}-_—._a" (6)
inf {D(e):e=E/, <(s,ey==1}=§,

where the superscript s at a and B indicating the considered load is omitted. The prohlems of
finding extremals in (6) are denoted, respectively, by H’, K; with the subscript s again
cmitted.

The problems H! and K;!'(i=1,2) may be formulated so that only deviatoric cumponents of
tensors figure in them, Indeed, since ¢ =0 for every e from E;!, hence it is possible to
introduce such sets E in F;% that

El=EMx {0}, i=1,2

which are cbviously closed in Fg,? and in the weak * topology of Fi,*, respectively. Then
the set of self-balancing stress fields can be represented in the form 3I! = I¥ x L,%. Here

£ jjes in &, and it is evident that EM = (E,M)° = (E,¥). Finally, C = C¢ x L,', where (¢
lies in 8% and it is possible to introduce function D¢ on Fyy

D4 (efy =D ((e?, 0) =sup (¥, &) = sup <ot €D, el =F,
L {=o] .decd

Then obviously
al==sup{p:p>0,0!— psf = I, ¢! =% (N
Br=inf{D(e% :e! S E® (% edy =1}, i=1,2

In this case, if ¢ (e) is the extremal of prcblem H!(K,)), then ¢?(e?) is the extremal of
respective problem (7). and conversely, if ¢! is the extremal of problem (7) in stresses, then
ol -~ pg for any p from L, {Q) is the extremal of problem H'; if e* is the extremal of the

kinetic problem (7), then e = ¢! is the extremal of problem K

The duality of problem H, K and the attainment of extrema. Two extremal pro-
blems (in one of which the upper and in the other the lower bound are sought) linked in a
definite manner are usually called dual /1/. In such problems the upper bound does never ex-
ceed the lower bound of the dual problem. The pair of problems (6) and (7) are in this sense
dual, and from this follows that «f < B (i,j =1, 2). This inequality expresses the known fact
in the theory of plasticity that the static limit load factor is not higher than the kinematic.

Sometimes only two such problems which are dual in the above sense and whose upper and
lower bounds are the same are called dual. Subsequently, the duality is understocd exactly
as follows: for the problem considered duality means that the static and kinematic limit load
factors are the same,

Problems H' and K, are dual /9,11/. Since B,* > f,' (which obviously follows from the
embedding of E! in E,)) and o' <{PB,!, hence B} = a® = f,}. The duality of problems K2, K,?
is also established /9,12/: af = B,

Extremes in kinematic problems K,, K;* with sets of kinematically admissible deformation
rates E;!, E® (i.e. in space F)) may not be attained. In other words, kinematic problems in
space Fy) are unsolvable. An example of the problem with smooth data, which has no solution
in Fy) is given.in /12/. 1In space Fg kinematic problems are solvable. /9,14/.

In problems in stresses H! and H*® the extremes are attainable /9,11,15/. In other words,
the problems in stresses are solvable in §.

The conditions that ensure the duality of problems H! and K,' as well as those ensuring
the duality of problems H® and K,* generally separate different classes of plastic bodies.

The differences concern the character of yield surface dependence, or what is the same, of
the set ;! on point  of the body. For the [very wide) class of bodies described above these
or other conditions are satisfied. 1In that case a natural guestion arises about the relation
of o and a® of problem H' to problem H? and of problem K to problem K2 (i =1, 2).

The equivalence of various statements of the problem of the theory of per-
fect plasticity. In the case of fixed boundary (#Q = S§,) the respective problems are egquiv-
alent and f,' = a! =§,! = B, = @® =f,*/12/. A similar statemen. can be cbtained also in the
case of mixed boundary conditions using data from /2/.

Theorem. Let a perfectly plastic medium of the considered type f£ill the bounded region
Q of class (. Let §,be nonempty and W!(Q, §,) = V*(Q, S,).
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Then: 1) problems H'and H*® are equivalent in the sense that o' = «?, if on 0 the
maximum is reached in problem H?, then maximum ¢ is reached also in problem H', and of max-
imum is reached on T in problem H*!, then a pressure field p from L, () will be found such
that on T 4 pg a maximum is reached in problem H?; and 2) the functional 0 whose lower bound
is sought in problem K,* (i = 1, 2) assumes the value - o« on elements E;? that lie outside

the set E,;!, hence the problems K;'and K,*coincide.
Remarks. 1°. The sufficient conditions of congruence of WI(R, S, and V2 (@, S, are de-

i tc

fined by Theorems 3.1 and 3.2 in /2/.

29, The pressure field p is uniquely defined by the deviatoric component 1. More ex-

actly, if 7, and <, belong to ZI!, their deviatoric components coincide, and 0y = Ty ~ p18, G =

T, — p,€ belongs to 22, then obviously, ¢, =9, when S,% @ and o, —90,=cg, where ¢ is an
arbitrary constant, when S§,= g.

Proof. 1f ¢ — us for some u >0 and o from C belongs to X%, then obviously, o — us
belongs to 32!, and conversely, when T — us for some p>0 and t from ( belongs to 31, then
by the theorem 5.2 of /2/ a pressure field p from L, (Q) will be found such that T — us — pg
belongs to 2%  Then evidently together with t also Tt -+ pg belongs to €. This proves the
first statement of the theorem.

Note that D (e) = - o0 for e when e® s 0. Hence problem K;® coincides with the similar
problem in which E;® is exchanged for its intersection with the set Fu¥ x {0}; that inter-
section is subsequently denoted by E;,%. Thus for proving the second assertion of the theorem
it is sufficient to check that Eg = E; 2.

In turn, the last equality is equivalent to relation (E;!)° = (E;,?)°. Indeed, the sets E;},
Eio® are convex, balanced and closed (when i =1 in Fy) and when i =2 in the weak * topol-
ogy of Fg). Then by the theorem about the bipolar line /7/E;! = (E)*, Ejo® = (E;*)°° where-
from follows the idicated equivalence.

Since E is contained in E;,? then (E;})° contains (E;%)°, and it remains to verify that
(E!)’ is embeded in (E;,%°. Let t belong to (Ef)° = X!, then by Theorem 5.2 in /2/ a p from
L, (Q) will be found such that v + pg belongs to 22 = (E!)°. On the other hand, —pg belongs
to (Fy® X {0})° and then evidently

T=(x + pg) + (— pg) & (B N (Fly X (0)° = (EL0)°
which completes the proof
Corollary. under the theorem conditions the following relations are valid:
n=p!=oa= P! ===’

Thus for calculating the load margine coefficient (when conditions of the theorem are
satisfied) it is possible to use either problem (6) or (7).

Note that the functional D is convex and positively uniform of first power and, by virtue
of condition od.0d <AY, for the considered class of media D%(e) <Rle} on Fmd. Then for
determining its lower bound §;'= n the set E;! can be replaced everywhere by the set E (V) that
is dense in it or, for instance, E(VY)). In other words, it is always possible to use the
sequence of smooth velocity fields as the minimizing sequence in the kinematic problen.

Finally, if the load margin coefficients determined or estimated using the extremal prc
blem in stresses, the spherical component of the utilized stress fields can be excluded from
consideration. Since n=ual it is possible to use X! as the set of self-balancing stress
fields. Since together with any stress fields = (¥4, v belonging to 3! and (, and the
stress field ' = (¢, 0) belongs to these sets, hence in problem H* we can limit ourselves, for
instance, to stress fields with zero spherical components. On the other hand, if it is neces-
sary to determine the true stress (for, say, determining the stresses in technological pro-
blems of the theory of placticity), it is necessary to consider the problem in complete state-
ment of HZ.
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